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Abstract

Let AxB be a product on matrices such as the usual matrix product A«xB = AB,
the entrywise product A*B = [a;;b;;], and the Jordan triple product AxB = ABA.
Characterizations of multiplicative maps with respect to * which leave certain func-
tions of matrices invariant are given. These functions include the rank, eigenvalues,

and higher rank numerical ranges of matrices.
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Chapter 1

Introduction

The central topic of this thesis comes from the study of preserver problems in matrix
theory. This chapter begins with an overview of this area of research, some discussion
of matrix products, followed by a description of our research and ends with an

overview of the notation which will be used.

1.1 Preserver Problems

The study of preserver problems in matrix theory has been an active area of research.
The statements of such a problems may be quite diverse but their essential question
is typically of the following form:

Let S € M,,,,(F) be the set of m x n matrices with entries from a field F. Then
given a function ¢ : S — X for an arbitrary set X, can we characterize functions
¢ : S — S such that ¥(¢(A)) = ¥(A) for all A in S?

In addition to this premise, one usually assumes that the function ¢ additionally
satisfies some algebraic relation (for example, ¢(AoB) = ¢(A)ogp(B) forall A, B € S
and some closed binary operation o) on S. This provides a rich structure which
precludes many otherwise pathological functions. Requiring the function be linear
is a common restraint for preservers. This class of problems has a long history of
study (i.e. one example comes from a paper published in 1897) and continues to
be an area of research interest both due to the elegance of its results as well as its
ability to capture features of the matrices and the given function.

The following chapters will consider multiplicative preservers of the spectral
radius, rank, and higher rank numerical ranges and radii. As an introduction to

typical problems and results in preservers, we present examples including some linear



preserver results that in part motivate our study. We use M,,, , (M,,) to denote the

set of m x n (n X n) complex matrices.

Determinant Preserver (Frobenius [16]) A linear map ¢ : M,, — M, satisfies
det (A) = det (¢(A)) if and only if there exist M, N € M,, with det (M N) =1
such that either

#(A) = MAN for all A€ M, or ¢(A) = MA'N for all A € M,

Spectrum Preserver (Marcus and Purves [38]) A linear map ¢ : M,, — M,
satisfies o(¢(A)) = o(A) if and only if there exists an invertible S € M,, such
that either

$(A) = SAS™ for all A € M, or ¢(A) = SA'S™ for all A € M,

Numerical Range Preserver (Pellegrini [43]) Let W(A) = {¢*Ax : x € C", 22z =
1} be the numerical range of A € M,,. A linear map ¢ : M,, — M,, satisfies
W(p(A)) = W(A) if and only if there exists an unitary U € M,, such that

either

d(A) = UAU" for all A € M,,, or ¢(A) = UA'U* for all A € M,

Rank Preserver (Beasley [2]) A linear map ¢ : M,, — M, satisfies rank (¢(A)) =
k whenever rank (A) = k if and only if there exist invertible M € M,,, N € M,,
such that either

#(A) = MAN for all A€ M,,, or m =n and ¢(A) = MA'N for all A € M,

Each of these results exemplifies a standard form of preserving functions. See
[27] for further discussion and a survey of results in linear preservers. Furthermore,
in the case of the spectrum and numerical range preservers, one may note that the
linear preservers are also multiplicative or antimultiplicative maps. Indeed we will

obtain similar standard forms for multiplicative maps.



1.2 Matrix Products

Motivated by theory and applications, researchers consider different kinds of matrix
products in addition to the usual product. Some of these products may seem ar-
tificial with respect to the usual multiplication, but they may have settings which
make them the natural choice. In our study, we will consider two alternative prod-
ucts besides the usual matrix multiplication.

The first product is the Jordan Triple Product on n x n matrices defined as
Ax B = ABA. This product is considered in the study of Jordan algebras, but
one can certainly identify contexts where such a product would be convenient. For
example, this product is closed on the set of n x n Hermitian matrices and the set
of n X n positive definite matrices.

The second product is the entrywise product on m x n matrices, also referred to
as the Hadamard or Schur product. Under this product the 7,5 entry of a matrix
product is the product of the i,j entries of each factor. More explicitly, for A =
la;;], B = [bi;] we define Ao B = [¢;;] with ¢;; = a;;b;;. This product is closed on the
set of positive definite matrices and has been used to prove some inequalities in the

study of those matrices.

1.3 Our Study

In this thesis we study some multiplicative preserver problems with respect to differ-
ent matrix products. Such problems have not recieved as much attention as linear
preserver problems but remarkably product preservers also tend to be of certain

standard forms.
The following topics are studied:

In Chapter 2, we consider preservers of the spectral radius of the usual product

or the Jordan Triple Product of nonnegative matrices.

In Chapter 3, we characterize injective maps on M,, ,, preserving the entrywise
product. We then apply this result in the particular case of preserving rank k
matrices.

In Chapter 4, we consider multiplicative preservers of the higher rank numerical
ranges and radii, which are generalizations of the numerical range and radius. The

study of these objects is motivated by the theory of quantum computing.



1.4 Notations

The following notations will be used in our discussion:
M,,, »(F): the set of m by n matrices with entries from a field.
Jmn: the matrix in M, ,,(IF) with all entries equal to 1.
Om.n: the matrix in M,, ,(F) with all entries equal to 0.
E;j: the matrix in M,,, ,,(F) with 1 in the (4, j)th position and zeros everywhere else.
B: the set {E;; : 1< i<m, 1<j<n} CM,,(F).
When m = n, we simplify the notation to M, (FF), J,,, 0, etc.
When F = C, we supress the field argument (i.e. M,,,, = M,, ,(C)).
GL,,: the group of invertible matrices in M,,;
SL,,: the group of matrices in GL,, of determinant 1;
U,,: the group of unitary matrices in M,,;
SU,,: the group of matrices in U,, of determinant 1;
MU™: the semigroup of matrices in M,, with rank at most m.
M the set of n X n real matrices with nonnegative entries.
P C M;": the group of permutation matrices.
PD C M, the group of matrices of the form PD where P is a permutation matrix
and D is a diagonal matrix with positive entries on the diagonal.
We adopt the convention that unless otherwise defined a;; denotes the matrix
entry in the ith row and jth column of the matrix A and likewise for other letters.
o(A): the spectrum (the set of eigenvalues) of a matrix A.

r(A): the spectral radius of a matrix A (r(A) = Amea;) IA|)
€o

op(A) =0(A)N{A € C : |A| =r(A)} the peripheral spectrum of A.
tr (A): the trace of A.

pa(t) = det (A — tI): the characteristic polynomial of A .

At: the transpose of A.

@®: the direct sum of matrices (i.e. X @Y := [ )O( 3 1)

diag (x1,...,2,): the diagonal matrix D with d;; = x;. (in that order)



Chapter 2

Spectral Radius Preservers

The purpose of this chapter is to characterize preservers of the spectral radius,
spectrum and peripheral spectrum which also preserve either the usual product or
the Jordan triple product on the set of entrywise nonnegative matrices. We note
that the literature on preservers in the context of entrywise nonnegative matrices is

meager; see [39]. The content of this chapter is based on the paper [12].

2.1 Introduction

Recall we define M} to be the set of matrices such that A € M satisfies a;; > 0 for
all i,7 € {1,2,...n}. It is easy to see that this set is closed under matrix multipli-
cation, and so multiplicative maps are well-defined. These matrices also have nice
properties (see [21], Chapter 8), and particularly the spectral radius of a nonnegative
matrix happens to be an eigenvalue of the matrix. These facts make multiplicative
spectral radius maps a natural preserver to study on this set. Moreover, [37, 46]
serve as a motivation for our study of peripheral spectrum preservers, which happen
to be exactly the spectral radius preservers. Note that A € M has the property
that A is invertible and A~! € M} if and only if A € PD (see, e.g., [34] for a proof).

Here is our main theorem.

Theorem 2.1.1. Let n > 2. For A,B € M}, let A* B denote the usual product
Ax B = AB or the Jordan triple product A« B = ABA. Then the following

statements (1) - (4) are equivalent for a surjective function f : M} — MF:

(1)
r(Ax B) = r(f(A) % f(B)), ¥ A BeM-. (2.1.1)

5



o,(A% B) = o,(f(A) x f(B)), ¥ A BeM;. (2.1.2)

(3)
o(A* B)=0o(f(A) = f(B)), V A BeM;. (2.1.3)

(4) There exists a matriz (Q € PD such that either

f(A)=Q7'AQ, vV Ae My,

or

f(A) =Q 1AQ, vV AeM;!.

Note that in Theorem 2.1.1 the function f is not assumed to be linear or multi-
plicative a priori.

The result of Theorem 2.1.1 for A+ B = A+ B was obtained in [34] without the
surjective assumption. It would be interesting to remove the surjective assumption
in Theorem 2.1.1. We are not able to do that at present.

Since for A € M we always have r(A) € 0,(A), the implications (3) = (2)
= (1) are trivial. Also, (4) = (3) is easy to verify. It remains to show that (1)
implies (4). We first present some preliminary and auxiliary results in Section 2.
In particular, we prove a function f : M} — M having some special properties
on matrix units will have the nice form described in Theorem 2.1.1 (4). Then we
show that a function f : Mt — M satisfying Theorem 2.1.1 (1) will possess the
special properties on matrix units, and hence f has the form in Theorem 2.1.1 (4).
This is done in Sections 3 and 4 for the usual product and Jordan triple product,

respectively.

2.2 Preliminaries

In this section we present some known results and easy observations that will be
often used, sometimes without explicit reference, throughout the chapter. We list
several well-known properties of nonnegative matrices and their spectral radii (see,
for example, [21, Theorem 8.4.5] or [3]).



The following two observations are useful when considering the triple product.

Byt Eui k40 ifit ' N '
Let \/E;; = {Ek By k70 1fz 7&‘7 for which a trivial calculation shows
i =7y
\ /El-j2 = Lj;. Clearly our choice of the specific k in the above definition does not
matter so long as it respects our constraint in each case. Note that this construction
requires n > 3, so n = 2 will be covered separately.
Since r((BA)B) = r(B(BA)) = r(B*A) = r(AB?), we will use the following

three equivalent conditions for the triple product interchangeably:

r(BAB) = r(f(B)f(A)f(B)) (2.2.1)
r(B?A) = r(f(B)*f(A)) (2.2.2)
r(AB?*) = r(f(A)f(B)?). (2.2.3)

Lemma 2.2.1. Let f : Ml — M be a map that satisfies (2.1.1) and is surjective.
Assume further n > 3 if Ax B is the Jordan triple product. Then f is bijective.

Proof. Since we assume surjectivity, we will prove injectivity. Suppose A, B € M,
satisfy f(A) = f(B). For any (7, j) pair with 1 <4, j < n, since AE;; has all columns

zero except for the jth column, and the jth column of AF;; is just the ith column
of A, we have T(A\/Ei]?) = T(AEU) = Qjj- Slmllarly ’I"(B Eij2) = ’I“(BEZJ) = bﬂ
Then by our spectral radius conditions,

Qji = T(AEij) = T(f(A)f(Eij)) =r(f(B)f(Eij)) =r(BE;) = bji,

or

2 2

az = r(f(A)f(VEy)) = r(f(B)f(VEy)?) = r(ByEy ) = by
Thus, A = B. [ |

Remark 2.2.2. Since f is a bijection, it is simple to observe that its inverse f~!
fulfills (2.1.1) if f does, i.e.,
r(f(A) * f(B)) = r(Ax B) = r(f(f(A) * 7 (f(B)))-
The following observations will be used throughout our discussion.

7



Lemma 2.2.3. Assume that the function f : M} — M} satisfies condition (1) in
Theorem 2.1.1. Then:

(a) For any A € M} we have r(A) = r(f(A)).

(b) A € M, is nilpotent if and only if f(A) is nilpotent.

(c) If A € M is nilpotent, i.e., r(A) = 0, then all diagonal elements of A and
f(A) are zeros.

(d) If in addition the range of f contains a matriz with positive entries, then A

is nonzero if and only if f(A) is nonzero.

Proof. Condition (a) follows from setting A = B in (2.1.1). Condition (b) follows
trivially from (a).

Condition (c) follows from nilpotency and nonnegativity. A nilpotent matrix
has all zero eigenvalues, so the sum of all eigenvalues, and equivalently the trace, is
zero. Since the trace is the sum of the diagonal entries, all of which are nonnegative,
we finally obtain that the diagonal entries must all be zero. By (b), we get the
conclusion on f(A).

For condition (d), let A € M, and let X € M be the matrix with all entries
equal to 1/n. Then X? = X, and tr (A% X) = 37", D% a;;/n. Hence, if A # 0,
then tr (A« X) # 0 and hence 0 # r(A*x X) = r(f(A) x f(X)). It follows that
f(A) # 0. Similarly, if f(A) # 0and if f(Y) = Z, where Z is a matrix with all entries
positive in the range of f, then tr (f(A)*xZ) #0. So 0 #r(f(A)*x Z) =r(AxY)
and hence A # 0. ]

Theorem 2.2.4. Let f: M — M}t n >3, be such that

r(A) = r(f(A)) ¥V Ae M, (2.2.4)

and let N = {(i,7) : 1 <i,5 < n}. Assume that there exist a permutation T on the
set N and a collection of positive numbers {~,; : (i,j) € N'} that satisfies

(a) vij = 1/7ji,

(b) 7(i,5) = (p,q) = 7(4,7) = (¢,p),



and f has the property that

Z E’J Z %j 7(4,5) VSQN, 57&@

(i,5)€S (i,9)es

Then there exists a matriz () € PD such that either

f(Ey) = Q7' E;Q, V (i,7) € N, (2.2.5)
or

f(Ey) = Q'ELQ, V (i,7) € N. (2.2.6)

Proof. Let F;; = f(Ey;) for 1 <1i,j <n. We adjust our map f via X — P'f(X)P
for a suitable permutation matrix P so that F}; = Ej; for j =1,...,n. We proceed
in 4 steps:
Step 1. We show that Fj; = v;;E;; or F;; = Ej;/7v;;. We may assume i # j. Let
F,; = 7ijE,,, and assume p # 4,j. Consider A = E;; + E;; + E,,. Then clearly
r(A) = 1. But f(A) = v Ep + Egp/7ij + Epp, and pyay(t) = " — "1 — "2 =
"2t —t —1),s0 r(f(A)) = %5 > 1 =r(A), a contradiction. Similarly, assume
q # 1,7, and we reach the same contradiction. In view of (2.2.4), we cannot have
p = q. Therefore Fj; = v;;E;; or Fij = Ej; /i
Step 2. We show that Fy; = v1;E1; and Fj; = Ej1 /7, after possible replacement
of f by a map of the form X — f(X).

We may assume that Fio = v12F12 and Fy; = Ea1/v91; otherwise, use the map
X +— f(X)" Now consider A = Ej5 + Ey; + Ej; for 3 < j <n. Then r(A) =1 =
r(f(A)). But

f(A) = Fig + Fyj + Fj1 = y12E19 + Foj + F,

and if Fy; = vj2E;9 or Fj1 = v1;E4;, then f(A) is nilpotent, and r(f(A4)) = 0, a
contradiction. So Fj; = Ej1/v; which gives us Fy; = v, E4;.

Step 3. We show that Fj; = v, E;; and Fj; = Ej; /7.

We only need to consider the case 1 < i < j < n. Solet A = FEy; + E;j + Ej,

and we have
f(A) = Fyy + Fj + Fj1 = vl + Fij + Ejn /.

9



But again, if F;; = Ej;/v;; then f(A) is nilpotent. But thenr(A) =1 > 0=r(f(A)),
a contradiction. Therefore, f(E;;) = vi;Ei; and f(E;;) = Eji/7ij.

Step 4. We show Yij = ’Ylj/f)/li-

Consider the same matrix A = Ey; + E;; + Ej1, with 7(A) =1 =r(f(A)). But
J(A) = miEni + i Eij + Eji /1, so

pray(t) =" — i /7t = 3 — v /1)

Then

o(f(A4)) = {0, i/Vlﬂz'j/Vlj,wf/Vli%‘j/%j;wQ \/ V1iig /Y15t
(zero is present only if n > 3), where w is the primitive cubic root of 1. Since

r(f(A)) =1, we have /71:7i;/71; = 1, 80 71;7ij/71; = 1. Our conclusion follows.

Now replace f by the map X — Df(X)D™! with D = diag (1,712, ..., %1n)-
Then we have f(E;;) = F;; = E;; for all 1 < 4,5 < n. Therefore, reversing our
modifications, for = PD € PD, then f must be of the form (2.2.5) or of the form
(2.2.6). n

2.3 The Usual Product

This section concerns the proof of “(1) = (4)” of Theorem 2.1.1 for the usual product
Ax B = AB. For the rest of this section, we always assume that f is a bijective (cf.

Lemma 2.2.1) map on M, that satisfies
r(AB) =r(f(A)f(B)), ¥ A BeM,. (2.3.1)
Let us now define a set of matrices useful for our proof.

Definition 2.3.1. For every A € M define F(A) = {X € M} : r(AX) > 0}.

The next few results examine and exploit the relationships between these sets
and the bijectivity of our function to extract relationships between a matrix and its

image.
Lemma 2.3.2. Suppose A = [a;;] € M}, B = [b;;] € M},

10



(a) If there is (i,7) pair such that b;; > 0 = a;; then F(B) \ F(A) is non-empty.

(b) The inclusion F(A) C F(B) holds if and only if b;; > 0 whenever a;; > 0,
i.e., there is v > 0 such that yB — A € M.

(¢) The following two conditions are equivalent:
(c.1) F(A) = F(B).
(c.2) a;; =0 if and only if b;; = 0.

P’/’OOf. (a) Let Qai; = 0, and bij > 0. Let X = Ejl Then
’I"(BX) = bij >0= Q5 = ’I"(AX)

So X € F(B) and X ¢ F(A). The result follows.
(b) The necessity follows from (a): if a;; > 0 = b;;, then 3X € F(A) \ F(B).

To prove the sufficiency, assume that b;; > 0 whenever a;; > 0. Then there
is v > 0 such that yB — A € M. So yB > A (entrywise inequality), and then
vBX > AX and r(yBX) > r(AX) for all X € M. (We use here the well known
monotonicity property of the spectral radius, see, e.g., [21, Theorem 8.1.18] or [3].)
Thus, for any X € F(A),

r(yBX) =yr(BX) > r(AX) > 0.

So r(BX) > 0, thus X € F(B). It follows that F(A) C F(B).
(c) Note that F(A) = F(B) if and only if F(A) C F(B) C F(A). By (b), this

is equivalent to any one of the following conditions:

(i) b;; > 0 if and only if a;; > 0. (ii) b;; = 0 if and only if a;; = 0. [ |

Corollary 2.3.3. A matrix X € M, has ezactly k nonzero entries if and only if
there is a sequence of matrices Xi,..., Xy, ... Xp2 in M} with X, = X such that
F(X;) is proper non-empty subset of F(X;y1) fori=1,...,n% —1.

11



Proof. If X}, = X has exactly k nonzero entries, we can replace zero entries with
nonzero entries one at a time to get X1, ..., X,2. Similarly, we can replace nonzero
entries with zeros one at a time to get the required X;_1, X;_o, ..., X;. Observe that
since we only replaced k£ — 1 nonzero entries with zeros, X; # 0. So this construction
yields the desired sequence.

Conversely, if X = X, Xs,..., X,z have the described property, then X; # 0
because F(X;) is non-empty. Moreover, by Lemma 2.3.2, X;,; has at least one
more nonzero entry than X;. It follows that X; must have exactly ¢ nonzero entries

for each 7, so the result follows. [ |

Note that for A € M, we have
F(f(A) = {XeM;:r(f(A)X) >0} ={X e M, :r(Af (X)) > 0}
= {f(Y) e M7 :r(AY) > 0} = f(F(4)).

Thus, we have the following.

Lemma 2.3.4. If A € M, then F(f(A)) = f(F(A)).

Corollary 2.3.5. A matrix X € M, has ezactly k nonzero entries if and only if

f(X) has exactly k nonzero entries.

Proof. Let X € M such that X has exactly k nonzero entries. By Corollary 2.3.3
there exist Xi,..., X2 in M} with X}, = X such that F(X;) is proper non-empty
subset of F(X;,1) fori=1,...,n*> — 1. By Lemma 2.3.4, we have

F(f(Xy) = [(F(Xy) € f(F(Xit1)) = F(f(Xig1)),

and the inclusion is strict in view of bijectivity of f. Thus, f(X3),..., f(X,2) is
a sequence satisfying Corollary 2.3.3. So, f(Xx) = f(X) has k nonzero entries.
Applying the above proof to f~! in place of f (see Remark 2.2.2) we see that

/7YX has k nonzero entries. |

This concludes our direct involvement with our (2.3.1) sets. Now we will use
our obtained results to characterize the image of another set of useful matrices: the

matrix units.

12



Lemma 2.3.6. Let f(E;;) = F;; for 1 <i,j <n. Then:
(a) Fori # j, we have Fj; = v, E,, for some 1 < p,q <n, p# q, where v;; > 0.
(b) {Flla s 7an} = {Ella- : 'aEnn}-
(c) If i # j, then

_1 )
Ej = rYijqu - Fji = Yij E(Ip’

thus ~vj; = %31_
(d) There is a permutation T of {(i,7) : 1 <i,j < n} with the properties that

7(i,5) = (p, q) = 7(4,1) = (¢, p) (2.3.2)

and Fyj = v Erq ) for all pairs (i,7), 1 < i,j < n (we take v; = 1 fori =
1,2,...,n).

(e) For f(lan]) = [zw], we have vija;; = T+ ).

Proof. For (a) let ¢ # j. From Corollary 2.3.5, F}; has exactly one nonzero entry. But
r(F;;) = r(E;;) = 0, so this nonzero entry is not on the diagonal, thus F;; = v;;E,,
for some positive 7,5, p # q.

For (b), by Corollary 2.3.5 Fj; has one nonzero entry for all 4, j. For i = j, since
r(Fy;) = r(Ey;) = 1, this nonzero entry must be on the diagonal, and it must be 1.
So Fy; = E,, for some p. Furthermore, since r(F}; Fyi,) = r(E; Ey,) = 0 for i # k, no
two Fj;’s can have the same nonzero position, so we get the desired result.

For (c), let ¢ # j. So Fi; = 7;;E,, for some (p,q), p # ¢. Since r(F;;F};) =
r(E;;Eji) = 1, then the nonzero entry of Fj; must be in the transposed position to
the nonzero entry of F;; to get a nonzero entry on the diagonal. Furthermore, these

entries therefore must be inverse to each other. Thus Fj; = Eg,/7i;.
Since for (p, q) ¢ {(i, ), (j i)} we have
r(FijFpq) = 1(EijEp) =0 =r(E;iEy) =r(FjiFy),

it is clear that no other F,, shares its nonzero position with Fj; or F};. Then our
7 can be defined by 7(4,j) = (p,q) if F;; = 7i;Ep, and is bijective by our above
discussion, so it is the permutation required by (d). Property (2.3.2) holds in view

of (¢).
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Finally for (e), note that

a; = r(AEy;) =r([xy)f(Ej) =r ([vi)viErga)
= (leu Brag) = %5 2

by (d). It follows that x,¢ jy = vs;as;- u

Corollary 2.3.7. Let N = {(i,j) : 1 <i,j <n}, and let SC N, S #(. Then

Proof. Let A = Z Eij = laij], and f(A) = [z5].
(i,7)€S

First observe that a;; = 1 if (4,5) € S and a;; = 0 otherwise. From (e) we
have that v;ja;; = @-¢;;). Then x, ;) = v if (4,7) € S and 2, ;) = 0 otherwise.

Representing f(A) as a combination of matrix units, we get

Z Izg ij — Z 72] 7( Z Eg

(3,5)EN 7(i,5)€S (i,5)€S

We are now ready to present the proof of Theorem 2.1.1 for the usual product.

Proof. Recall that the bijective map f : M —— M has the property (2.3.1).
If n = 2, then Theorem 2.1.1 follows easily from Lemma 2.3.6 and Corollary 2.3.7.
Thus suppose n > 2. By Lemma 2.3.6 and Corollary 2.3.7, the hypotheses of
Theorem 2.2.4 are satisfied. Thus, either (2.2.5) or (2.2.6) holds. For f(E;;) =

Q7'E4Q, define fi(A) = Qf(A)Q, and for f(Ej;) = Q'E} ;@, define f2(A) =
fi(A). Then fi,f, : Mt — M since Q, f(A),Q~!' € M. Also, for all
A, B e M/,

r(AB) = r(f(A)f(B)) = r(Qf(ANQT'Q)f(B)Q™") = r(f1(A) 1(B)),
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and

~ A~ ~ ~

r(AB) = r(filA) fi(B)) = r(fiI(B) fi(A)) = r(f2(B) f2(A)) = r(f2(A) fo(B)),

thus we may use our previous machinery on these functions.

Trivially, fl(Eij) = fQ(Eij) = ;. Applying Lemma 2.3.6 to f, we have vij =1
and 7 the identity permutation. Then for A = [a;;] € M, and fy(4) = [z], we
apply part (e) of that lemma to get z;; = x-;;) = Vijai; = @ij, and so fk(A) = A.
Thus, f(A) = Q7 /i(A)Q = QTAQ or f(A) = Q' fo(A)'Q = QT A'Q. ]

2.4 The Triple Product

This section concerns the proof of “(1) = (4)” of Theorem 2.1.1 for the Jordan
triple product A x B = ABA. For the rest of this section, we always assume that

the surjective map f on M satisfies
r(ABA) =r(f(A)f(B)f(4)), V A ,BeM;. (2.4.1)

Note that by Lemma 2.2.1 f is automatically bijective if n > 2.

We first treat the special case when n = 2.

Lemma 2.4.1. Suppose n =2 and Ax B = ABA. Then the implication of ‘(1) =
(4)” of Theorem 2.1.1 holds.

Proof. We divide the proof into several assertions. We will use the observation that
A € Mj is a non-zero nilpotent if and only if it has exactly one non-zero entry at

the off-diagonal position.
Assertion 1 {f(E11)7 f(EQQ)} = {Ella EQQ}.
To see this, let f(E;;) = [x,,]. Observe that since all diagonal entries of a

nilpotent matrix are 0, 7(E2N) = r(E;N) = 0 for any nilpotent matrix N. So for
N such that f(N) = Eis, we have r(f(Ey;)?E2) = r(E2N) = 0. But

2
f(Eii)2E12 = (0 L11 + L1221 >

0 xor(x11 + z22)
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SO Z91 (211 + T22) = 0. By similar argument, we see that xq2(x1; + x99) = 0.
Assume that x1; + 292 = 0. Then

f(Ez)2 = diag ($12$217 $12$21) = T127911.

But for ¢ # j,
0=r(E;Ej;) = T(f(Eii)Zf(Ej ) = r(zza f(Ej;)) = rizar(f(E);)) = v122a.

This is impossible, for then r(f(E;;)) = 0 # 1 = r(E;;) which is a contradiction. So
we must have x9; = x12 = 0.
Thus, f(E1;) = diag (211, x99) and f(Fa2g) = diag (y11, y22) for some nonnegative

numbers 11, Tao, Y11, Y22. But then

f(En)?f(By) = (x%By11 0 ) |

2
Lo9Y22

Since 0 = r(EuEj;) = r(f(Eu)*f(E;;)), we have 23,y11 + 235922 = 0. Now, since
11+ To2 = 1 and y11 + Y22 = 1, f(E11) and f(FEs) must have exactly one nonzero
entry on the diagonal in different positions, and that nonzero entry must be 1. This

completes the proof of Assertion 1.

Replacing f by the map X — P! f(X)P for a suitable permutation matrix P, we

0 0

for v > 0. Observe that since £j; is nonzero, we have v > 0. We will assume this is

may assume that f(E;) = Ej;. Additionally, up to transposition, f(Fis) = (O 7)

the case since if it is not we can instead consider the map X — f(X)".
After these modifications, we can proceed to prove the following.
Assertion 2 Let A = [a;;] and f(A) = [fi;]. Then fi; = a;.
To see this, simply consider f; = r(E%f(A)) = r(EZA) = a;.

Assertion 3
1 1 00
Let X = <O 0), Y = (1 1>. Then
f<X> = FEn + 7E12 and f(Y) = ’)/71E21 + FEas. (2.4.2)
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Let f(X) = [zi], f(Y) = [yi;]. Then z17 = 1 = ya9, 290 = 0 = yy1 by the

previous assertion. But then

FX)? = (1 + T12T21 T2 ) ’ FY)? = (%2921 Y12 ) ,

Ta1 T12T21 Y21 1+ Yoy

which gives us
0 =r(X?Ep) = r(f(X)*Ez) = z120m

and
0= T(YQEH) = T(f(Y)2E11) = Y12Y21-

Now
0= T(XQEH) = T(f(X)27E12) = Y21,

S0 Top = 0. Similarly,
1= 7”(YZEH) = T(f(Y)2’YE12) = Y21,

50 Y1 =" and g9 = 0.
Finally, observe X?Y = X, so

1= r(X?Y) = r(f(X)f(Y)) = r(f(X)F(Y)).

-1
But f(X)f(Y) = (7 09012 xéz), therefore, x5 = 7, giving us the desired result

(2.4.2).

We can now modify our function by X — Df(X)D~! where D = diag (y~1,1)
so f(X) =X and f(Y) =Y. With this additional modification, we can complete

the proof of our lemma by proving the following.
Assertion 4 f(A) = A for all A € M7.

Let A = [a;;] and f(A) = [x;;]. Then by Assertion 2 z;; = a;;. Furthermore,

X2A— XA — <a11+a21 a12+a22)
0 0

and

FXP() = SO0 f) = (07 e
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SO
a1l + 91 = T(XQf(A)) = T’(XQA) =ay + a1y,

thus 921 = X21.

Repeating the same calculation with Y yields a1 = x12. Thus a;; = x5, so
f(A) = A. |
Now, we turn to the case when n > 2.

Remark 2.4.2. It is clear from our consideration of n = 2 that the arguments in
Section 3 are not directly extendable to the triple product. However, we shall adopt
the same approach and modify it as needed to obtain our new result for n > 3. For
those results having similar proofs exhibited in Section 3, we shall restate the results

but often suppress the proof.
For every A € M, define

F(A) = {X e M : r(AX?) > 0}.

Lemma 2.4.3. Suppose A = [a;;], B = [b;;] € M.
(a) If there is (i,§) pair such that by; > 0 = a;; then F(B)\ F(A) # 0.

(b) The inclusion F(A) C F(B) holds if and only if b;; > 0 whenever a;; > 0,
i.e., there is v > 0 such that yB — A € M.

(¢) The following two conditions are equivalent:
(c.1) F(A) = F(B).
(c.2) a;j = 0 if and only if b;; = 0.
Proof. (a) Let a;; = 0, and b;; > 0. Let X = /Fj;. Then r(BX?) =b;; > 0 =
aij =1(AX?), 50 X € F(B) and X ¢ F(A). The result follows.

(b) The necessity follows from (a): if a;; > 0 = b;;, then 3X € F(A)\ F(B).
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To prove the sufficiency, assume that b;; > 0 whenever a,; > 0. Then there is
v > 0 such that yB— A € M. SoyB > A, so r(yBX) > r(AX) for all X € M.
Thus, for any X € F(A),

r(yBX?) = yr(BX?) > r(AX?) > 0,

thus X € F(B). It follows that F(A) C F(B).

Finally, (c) follows easily from (b). |

Corollary 2.4.4. A matrizx X € M} has exactly k nonzero entries if and only if
there is a sequence of matrices Xy, Xo,... X = Xy, ..., X2 in MF such that .%(XZ)
is proper non-empty subset of .7::(XZ-+1) fori=1,...,n*—1.

Proof. Similar to that of Corollary 2.3.3. [ |

Note that for A € M}, we have
F(f(A) = {X e My :r(f(A)X?) >0} = {X € My : r(A(f7(X))?) > 0}
= {f(Y) e M : r(AY?) > 0} = f(F(A)).
So, we have the following.
Lemma 2.4.5. If A€ M, then F(f(A)) = f(F(A)).

Corollary 2.4.6. A matrix X € M} has ezactly k nonzero entries if and only if

f(X) has exactly k nonzero entries.
Proof. Similar to that of Corollary 2.3.5. [
Lemma 2.4.7. Let f(E;;) = F;; for 1 <i,j <n.

(a) If i # j, then F; = 7, Epq for some 1 < p,q <n, with p # q and ~;; > 0.

(b) We have {FH, ceey an} = {EH, SN 7Enn}-

(c) There is a permutation T of {(3,7) : 1 < i,j < n} such that Fyj = vi;E-i5)
and Fj; = ”yjiEj(m), for all pairs (i,j); moreover, T satisfies the property:

(i, 5)=pq) = 70,9 =(¢p).

(d) For f([ai]) = [x4], we have vijaij = (i j).-
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Proof. For (a), let i # j. By Corollary 2.4.6, F}; has exactly one nonzero entry. But
r(Fi;) = r(E;;) = 0, so this nonzero entry is not on the diagonal, thus Fj; = v, E,,
for some v;; > 0, p # q.

For (b), again by Corollary 2.4.6 F}; has one nonzero entry, and since r(Fj;) =
r(E;) = 1, this nonzero entry must be on the diagonal, and it must be equal 1. So
F,;, = E,, for some p. Furthermore, since r(F; Fy,) = r(E;;Ex) = 0 for i # k, no

two Fj;’s can have the same nonzero position, so we get the desired result.

For (c), let i # j. By Lemma 2.4.3 (a) we have that F(E;;) € F(E;;) and vice
versa, so by Lemma 2.3.4 we have f(FU) Z .%(Fﬂ) It is clear then that F}; and FJ;
do not have the same nonzero position. However, consider A = E;; + Ej;. Then by
our lemmas, we know that j':(Ew) C F(A) and j—v"(Eﬂ) C F(A), so it follows that
F(Fy;) € F(f(A)) and F(F};) C F(f(A)). By (2.4.6) f(A) must have two nonzero
entries. But by Lemma 2.4.3 (b), the nonzero positions of F}; and Fj; must lie in

the nonzero positions of f(A), so each must occupy a distinct nonzero position of

f(A). (It is not possible for F;; and Fj; to have the same nonzero position; indeed,

if they did, then we would have .%(Fw) = .%(FJ) and
JE(E) = F((Ey)) = F(Fy) = F(F) = F((E) = fFE),

which gives a contradiction because f is bijective and F(Ey;) # F(E);).) Further-
more, since r(f(A)) = r(A) = 1, the nonzero positions of A must form a cycle, and
so must be transposed of each other.

Thus if F;; = v;; Epg then it must be the case that Fj; = v, E,, = vjiEIt)q. By our
previous considerations it is clear that each Fj; has a unique nonzero position (p, q)
with respect to one another so we may define a bijection 7(7, j) = (p, q¢) accordingly,

giving us the required permutation.

Finally for (d), we temporarily return to our square roots. By Corollary 2.4.6, for

i # j we have that f(y/F;;) has exactly two nonzero entries, so either f(y/F;;)* =0

or f(y/FEi;)? has exactly 1 nonzero entry (note that f(y/E;;) is nilpotent by Lemma
2.2.3). Since

r(Fiif (VEg)?) = r(Ej/Ey ) = 1,
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it must be the latter case. Moreover, if Fj; = v;E.(j;), then it is clear that
f(\/Ei')2 = ET(i,j)/iji' Now let A = [aij] and f(A) = [CL’ZJ] Fix ¢ 7£ j, and
consider 7 (A /Ejf) =r(AE};) = a;j and
2
r(AVE; ) = r(f(A)F(VE#)?) = r([xi) By /Yig) = Trig) Vi
Therefore, Tr(i,5) = VigQig- In the case i = j, vV Eu = Eii7 SO

ai; = 1(AE;) = r(AE}) = r([zy]Fi) = r([25]Br) = Tr(i)-

|
Corollary 2.4.8. Let N ={(i,7) : 1 <4, <n}, and let SCN, S#0. Then
f(2 B = 2. F
(1,5)€S (i,)€S
The proof is completely analogous to that of Corollary 2.3.7.
We note the following equalities:
Vi =1/v5, Y 44, 1<d,j<n. (2.4.3)

Indeed, f(E;; + E;;) = Fij + Fj;, so
Vi = Ty + Fji) = r(Ei; + Eji) = 1.

We are now ready to prove the implication “(1) = (4)” in Theorem 2.1.1 for the
Jordan triple product.

Proof. Recall that f : M} — M has the property (2.4.1). Using Corollary
2.4.8 and Theorem 2.2.4, we see that f must satisfy either (2.2.5) or (2.2.6). For

f(Eij) = Q'E;Q, define fi(A) = Qf(A)QY, and for f(E;;) = Q7'E},Q, define
fo(A) = fi(A). Then fi, fo: M — M since Q, f(A), Q™' € M*. Also, for all
A, Be M,
r(AB?) = r(f(A)f(B)*) = r(Qf(A)f(B)Q™") = r(Qf(AQT'Q)F(B)*Q™)
= r((QAAQQABIQ™?) = r(A(A)fi(B)),
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and
r(AB%) = r(fi(A)fi(B)?) = r((/(B))fi(A))
= r(2(B)*fa(A)) = r(f2(A) fo(B)?).

Trivially, fl(Eij) = fg(E,-j) = FE;j. Applying Lemma 2.4.7 to i we have vij =1
and 7(i,7) = (i,7). Now the proof is completed exactly as in the case of the usual

product. [ |
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Chapter 3

Schur Multiplicative Rank
Preservers

The purpose of this chapter is to obtain characterizations of Schur multiplicative
maps which we then apply to characterize rank-preserving Schur multiplicative

maps. The content of this chapter is based on the paper [11].

3.1 Introduction

Let M, ,,(IF) be the set of m x n matrices over a field F with at least three elements.
In this chapter we will shorten the notation so that M,,,, = M,,,(F). Define
the Schur product (also known as Hadamard product or entrywise product) of A =
lai;], B = [bij] € My, by Ao B = [a;;b;;]. A map f: M,,,, = M,,, is Schur

multiplicative if
f(Ao B) = f(A)o f(B) for all A, B € M,,,,.

The study of Schur product is related to many pure and applied areas; see [20].
We first consider general Schur multiplicative maps f : M,,,, — M,,,. In
particular, it is shown that under some mild assumptions on the Schur multiplicative

map f has the form

(1) [ai] — Plfij(aij)], where fi; : F — T satisfies fi;(0) =0 for each (i,7) pair, and
P(X) € M,,,, is obtained from X by permuting its entries in a fived pattern.

The result is then used to study Schur multiplicative maps which map rank k

matrices to rank k£ matrices for a given value k. In particular, our results include the
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characterization of those Schur multiplicative maps that preserve the rank function,
and those Schur multiplicative maps that map the set of singular (respectively,

invertible) square matrices to itself.

3.2 Schur Multiplicative Maps

The structure of a Schur multiplicative map f : M,, , — M,, ,, can be quite arbitrary
if one does not impose any additional assumptions on f. In general, one can define
f(A) = [fi;(A)], where f;; : M,,,, — F is any Schur multiplicative map. For
example, one can define f(A) = B for a fixed matrix B satisfying B o B = B;
another example is to define f(A) = J,,, if a;n # 0 and f(A) = Ey; otherwise. On

the other hand, if one imposes some mild conditions on a Schur multiplicative map,

then its structure will be more tractable as shown in the following.

Theorem 3.2.1. Let f: M,,,, = M,,,.. The following conditions are equivalent.

(A1) f is Schur multiplicative, f(Opn) = Omn, and f(E;j) # Om, for each (i, 7)

pair.
(A2) f is Schur multiplicative and f~[{0mn}] = {Omn}-

(A3) There is a mapping P : My, — My, such that P(A) is obtained from
A by permuting its entries in a fized pattern, and a family of multiplicative maps

fij : F — T satisfying f;l[{O}] = {0} such that
flla]) = P ([fij(ai)]) -

Proof. Note that a matrix X € M,,, satisfies X o X = X if and only if all the
entries of X belong to {0, 1}.

Assume that (A1) holds. Suppose there is X with nonzero (i, j) entry such that
f(X) =0y Then f(E;j) = f(Eijo X/xij) = f(Eij/xij) o f(X) = Oy, which is a
contradiction. Thus, f™'[{0,.,}] = {Om.n}. We see that (A2) holds.

Suppose (A2) holds. Consider X € B = {E;; : 1 <i<m, 1 <j <n}
Then f(X) = f(X)o f(X). So, all entries of f(X) lie in {0,1}, and f(X) # 0 by
assumption (A2). For any X,Y € B with X # Y, we have f(X)o f(Y) = f(Opn) =
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Om.n. Thus, f(X) and f(Y') have nonzero entries in different positions. As a result,
for each X € B, f(X) has exactly one non-zero entry. Thus, f(B) = B.

We can apply a map P : M,,,, — M,,,, such that P(A) is obtained from A
by a fixed permutation of the entries of A so that P(f(E;;)) = E;; for all (¢,7). It
remains to show that there are f;; : F — F such that P(f(A)) = [fi;(ai;)] for any
A = [a;).

Replace f by the map A — P~1(f(A)), where P7}(P(X)) = X for all matrices
X. If we can prove the conclusion for the modified map, then the same conclusion
will be valid for the original map. So, we assume that P is the identity map,
ie., f(E;) = Ej; for all (i,j) pairs. Now, fix an (i,5) pair. For any a € T,
f(aEi;) = f(aEij) o f(Ei;) = bE;; for some b € F. Define f;; : F — F such that
f(aE;;) = fij(a)E;j. Since f'[{0mn}] = {Omn}, fij(x) = 0 if and only if z = 0.
Also, for any a,b € F,

fii(ab)Eyj = f(abEy;) = f(aEy) o f(bEi;) = fij(a) fi;(b) Eij.
Suppose A — [ag;] and f(A) = [b,;]. Then
bijEij = Eijo f(A) = f(Eijo A) = fij(aij) Eij.
Thus, we see that f(A) = [fi;(as;)], and the conclusion holds.

The implication (A3) = (Al) is clear. |

Corollary 3.2.2. Let f : M,,,, — M,,,,. The following are equivalent.
(A4) f is Schur multiplicative and injective.
(A5) Condition (A3) in Theorem 3.2.1 holds with the additional assumption that

fij is injective for each (i,7) pair.

Proof. Suppose f is Schur multiplicative and injective. Since f(0.,,) = f(Omn)0
f(0p.n), all entries of f(0,,,) lie in {0,1}. Let S be the set of (4, j) pairs such that
the (i, 7) entry of f(0,,,) equals 1. Then for any X € M,,,, we have

fOmn) = f(X00mn) = f(X)o f(Onn)
Hence the (i, 7) entry of f(X) equals 1 for each (i,j) € S.
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For (i,7) # (p,q), we have f(E;;) # f(E,,) and f(E;; o Epy) = f(Om). Thus,
f(E;;) and f(E,,) cannot have a common nonzero entry at the (r,s) position if
(r,s) ¢ S. Because f is injective, f(E;;) # f(Omn). Thus, every f(E;;) has at
least one nonzero entry at a position (r,s) ¢ S. Since E;; and E,, cannot have
nonzero entry at any (r,s) position with (r,s) ¢ S, we need at least mn pairs of
(r,s) ¢ S to accommodate the nonzero entries of f(E;;). Hence, we conclude that
S =0, 1ie., f(0mn) = Omn, and each f(E;;) has exactly one nonzero entry equal to
1. So, condition (A1) of Theorem 3.2.1 holds and f has the form described in (A3).
Since f is injective, for x # y in F we have seen that f(xE;;) # f(yE;;) and hence
fij(x) # fij(y). So, fi; is injective for each (i, j) pair.

The implication (A5) = (A4) is clear. |

Remark 3.2.3. As we will see in the subsequent discussion, in the study of preserver

problems we can sometimes assume only
(AO) f:M,,,, = M,,, is Schur multiplicative and f(0,,,) = Opyn,

together with some preserving property to conclude that f has the form () with
some additional nice structure. In some problems, we believe that one can even
remove the assumption that f(0,,,) = O, in (AO). On the other hand, we will see

that the assumption (A1) or (A0) are indispensable in certain problems.

Note also that our result and proof are valid if IF is replaced by an integral domain
D.

3.3 Rank preservers

Linear maps, additive maps, and multiplicative maps on matrices mapping the set of
rank-k matrices to itself have been studied by many researchers; e.g., see [2, 5, 44, 47]
and their references. In this section, we characterize Schur multiplicative maps that

map the set of rank-k matrices to itself. We begin with rank one preservers.

Theorem 3.3.1. Suppose f : M,,,, — M,, ,, is a Schur multiplicative map. Then
f(Omn) = Opn and f maps rank one matrices to rank one matrices if and only if

there exist permutation matrices P € M,, and ) € M,,, and a multiplicative map
7:F — F satisfying 7(F*) C F* such that
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(a) f has the form [a;;] — P[1(a;;)|Q, or
(b) m =n and f has the form [a;;] — P[7(a;;)]'Q.

Proof. First we consider the implication («<). Note that A € M,,, has rank

one if and only if there are xi,...,%m,vy1,...,yn € F such that A = [a;] =
(1, s ]2, - yn]. Thus, for any injective multiplicative map 7 : F — T,
we have

[r(aij)] = [r(z)7(y;)] = [T(21), . 7(@) [T (1), - - 7 (yn)]

with rank one. By this observation, the implication (<) is clear.

Next, we consider the converse. By the given assumption, f satisfies condition
(A1) in Theorem 3.2.1 and hence its conclusion. Thus, f has the form (f). Without
loss of generality, we may assume that m < n. The case n < m can be proved
by similar arguments. Since f(X) has rank one for X = 2?21 Eyj, we see that
the nonzero entries of f(X) lie in the same row, or in the same column if m = n.
We may assume that the former case holds. Otherwise, replace f by a map of the
form A — f(A)'. Note that if we can prove the result for the modified map, the
conclusion will be valid for the original map. Then there exist permutation matrices
P e M,, and ) € M,, so that f(E;) = PEy;Q for j = 1,....n. Replace f by
the map A — P'f(A)Q" so that we have f(Ey;) = Ey; for j = 1,...,n. Now,
consider f(X) for X =", E;;. Since f(Ey;) = Ey; and f maps rank one matrices
to rank one matrices, we see that f(X) = X. There exists a permutation matrix
R € M,,, such that f(FE;;) = RE; fori=1,...,m. We may replace f by the map
A — R'f(A), and assume that f(E;) = E;; for i = 1,...,m. For any (i,j) with
i # 1 and j # 1, since f(X) has rank one for X = Ey; + Ey; + Ej;; + E;;, we see
that f(E;;) = E;;. Furthermore, for any 1 < j <n and a € F the matrix f(X) has
rank one for X = aFyy + aEyj + Ey + Eyj, we see that fi1(a) = fij(a). Similarly,
we can show that fi1(a) = fi1(a) for all @ € F. Finally, for any (7, 5) with i # 1
and j # 1, since f(X) has rank one for X = Ey; + Ey; + aFE;j + aE;j with a € T,
fij(a) = fi(a) = fi1(a) for all @ € F. Our conclusion follows. []

The conclusion of Theorem 3.3.1 may fail if the Schur multiplicative map does

not map 0,,, to itself. For example, we can choose a fixed rank one matrix B
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satisfying B o B = B and define f(A) = B for all A € M,,,,. Then f is Schur
multiplicative and maps rank one matrices to rank one matrices.

Next, we show that one can get a similar conclusion for maps on matrices of the
form (f) even though f;; is not assumed to be multiplicative a priori. Note that
a monomial matrix is defined to be the product of an nonsingular diagonal matrix

and a permutation matrix.

Theorem 3.3.2. Suppose f : M,,,, — M,,,, has the form (). Then f maps rank
one matrices to rank one matrices if and only if there exist invertible monomial
matrices P € M,, and Q) € M, and a multiplicative map 7 : F — F satisfying
7(F*) C F* such that

(a) f has the form [a;;] — P[T(a;;)|Q, or

(b) m =n and f has the form [a;;] — P[7(a;;)]'Q.

Proof. The implication (<) can be verified as in the proof of Theorem 3.3.1.

We consider the converse. Assume that f has the form (f) and maps rank one
matrices to rank one matrices. Without loss of generality, we may assume that
m < n. Since f(X) has rank one for X = >°7 | Fi;, we see that the nonzero
entries of f(X) lie in the same row, or in the same column if m = n. We may
assume that the former case holds. Otherwise, replace f by a map of the form
A f(A)". Then there exist permutation matrices P € M,, and @ € M,, so that
f(E1,) = Pfi;(1)Ey;Q for j = 1,...,n. Let D = diag(fi11(1), fi2(1),..., fin(1)).
Since f(E4;) has rank 1, we see that f1;(1) # 0 for j = 1,...,n. Replace f by the
map A — P71f(A)Q D! so that we have f(E,;) = Ey; for j = 1,...,n. Now,
consider f(X) for X =", E;;. Since f(Ey;) = Eq; and f maps rank one matrices
to rank one matrices, there exists an invertible monomial matrix R € M,, such that
f(E;1) = RE;; for i =1,...,m. We may replace f by the map A — R~ f(A), and
assume that f(E;) = E; for ¢ = 1,...,m. For any (i,7) with ¢ # 1 and j # 1,
since f(X) has rank one for X = Ey; + Ey; + B + Ej;, we see that f(E;;) = Ej;.

Note that for any (¢, j) pair and any nonzero a € F, f(aFE;;) = f;j(a)E;; has rank
one, and thus f;;(a) # 0. Furthermore, for any 1 < j < n and any a € F the matrix
f(X) has rank one for X = aFEy + aFEyj + Ey + Esj, we see that fi1(a) = fi;(a).
Similarly, we can show that f;;(a) = fi1(a) for all a € F. Finally, for any (¢, ) with
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i # 1 and j # 1, since f(X) has rank one for X = Eyy + Ey; + aE;y + aE;; with
a € F, fij(a) = fil(a) = fn(a) for all @ € F.
Let fi; = 7. For any a,b € F, let X = Ey; + aE15 + bEy + abEsy. Since f(X)

has rank one, we see that 7(ab) = 7(a)7(b). So, T is multiplicative. |

Next, we characterize maps f : M,,,, — M,,,, of the form ({) which map the
set of rank &k matrices to itself for 1 < & < min{m,n}. It turns out that such maps
will preserve the ranks of all matrices, and have very nice structure. The result will

be used to characterize Schur multiplicative maps which preserve rank £ matrices
in Corollary 3.3.4

Theorem 3.3.3. Let 1 < k < min{m,n}. Suppose f : M,,,, — M,,,, has the form
(t). The following are equivalent.

(a) rank (f(A)) =rank (A) for all A € M,, .
(b) f maps rank k matrices to rank k matrices.

(c) There are invertible monomial matrices P € M,, and Q@ € M,,, and a field

monomorphism T : F — F such that one of the following holds.
(c.i) f has the form A Plr(a;;)|Q.
(c.ii) m =n and f has the form A — P[r(a;;)]'Q.

Note that for rank preservers f, we have f(0,,,) = O, 5. Thus, one may further
relax the assumption that f;;(0) = 0 for all (¢,7) pairs in (}), and conclude that
conditions (b) and (c) are equivalent.

Proof. The implications (c¢) = (a) = (b) are clear. We focus on the proof of (b)
= (c). Without loss of generality, we may assume that m < n. The proof for the

case n < m is similar. We divide the proof into several assertions.

Assertion 1 There is a diagonal matrix D € M,, and permutation matrices P €
M,, and @ € M, such that f(E;;) = PDE;;Q for j=1,...,m.

Consider D = {E;; : 1 < j < m}. If X is a sum of k£ matrices in D, then
k = rank (X) = rank (f(X)). So, f(X) must have k nonzero entries lying on k

distinct rows and £ distinct columns. Thus, the m non-zero entries of f(3_7", Ejj)
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lie on m different rows and m different columns. Hence, there are permutation
matrices P € M,,, and @) € M,, such that f(E;;) = Pf;;(1)E;Q for j =1,...,m.
Let D = diag (f11(1), ..., frum(1)). Then we get the desired conclusion.

By Assertion 1, we may replace f by the map A — D 'P!f(A)Q" and assume
that f(Ej;) = Ej; for j =1,...,m. We will make this assumption in the rest of the
Proof.

Assertion 2 For any (i, j) pair, f;;(F*) C F*.

Let a € F*, and let X = ak;; + Y . o Es for a subset S of {1,...,m} \ {3,5}

with k£ — 1 elements. Since f(X) has rank k, we see that f;;(a) # 0.

Assertion 3 For any 1 < i < j < m, we have f(E;; + E;;) = b;; E;; + b;leﬂ for
some b;; € F*.

For simplicity, assume that (i,j) = (1,2), and X = F15 + Fy;. Y = X +
> 5 Ejj, then f(Y) has rank k. So, f(X) = fi2(1)Epg + fo1(1)E,, for some p # g
andr #s. IfY = Zfill E;;+X, then f(Y) has rank k. Thus, p,q,r,s,€ {1,...,k+
1}; otherwise, the leading (k + 1) x (k+ 1) matrix of f(Y) will be invertible so that
f(Y) has rank larger than k. Furthermore, we must have (p,¢) = (s,7) and f(X) =
bE,, + b~'E,, for some b € F with 1 < p < ¢ < k + 1; otherwise, f(Y) has rank
larger than k. Now, for any s € {3,...,k+ 1}, we have k = rank (Z) = rank (f(2))
for any Z € {Y — Egs — En1,Y — Egs — Ex}. 1t follows that p,q ¢ {3,...,k+ 1},
i.e., {p,q} = {1,2}. So, f(X) = bE5 + b~ Fy as asserted.

Assertion 4 There is an invertible diagonal matrix D € M,, such that one of the

following holds.

(i) f(Eij) =D 'Ej(D®I,,) forall1 <i<mand 1 <j<m.

(ii) f(Eij) = D'Ej(D ® I,,_p,) for all 1 <i,j < m.

By Assertion 3, f(E;; + Ej;)) = b Eij + bi_leZ-j for all (i,7) pairs with 1 <
i,j <m. Let D7!' = diag (1,ba1,b31,...,bm1). Then f(X) =D 'X(D® I, ) for

X =FEj+ Ej for j =2,...,m. Replace f by the map A+— Df(A) (D' & I,,_p).
Then

(i) f(Er2) = Era, or (i) f(Eh2) = Eo.
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Assume (i)” holds. We prove that (i) holds accordingly as follows. First, consider
f(Ey;) for j = 3,...,m. Consider A = Ey + Eyo + Eyj + Eo + Eyj + Ejp +
Eji 4+ s Ess, where S is a subset of {3,...,n} \ {j} with k¥ — 2 elements. Then
k = rank (A) = rank (f(A)). If f(Ey;) = Ej1, then f(A) have rank k + 1, which is
a contradiction. Thus, f(X) = X for X € {Ey;, Ej1}.

Now, suppose 1 & {i,j}. Let A = E\y+Ey+Ey+En+Ei+Ej+Ej+) 0 g Ess,
where S is a subset of {2,...,n}\ {7,j} with k£ — 2 elements. Then k = rank (A). If
f(Ei) = bi_leji, then rank (f(A)) = k£ + 1, which is a contradiction. So, f(E;;) =
bijEij. 1 bjj # 1, consider B = Eyy + By + Eyj+ Eq + By + Eij + Ej + )0 Ess,
where S is a subset of {2,...,n}\ {i,j} with £ — 2 elements. Then rank (B) =k <
k 4+ 1 = rank (f(B)), which is a contradiction. So, we conclude that f(X) = X for
X e{E;

If condition (ii)” holds, we can prove (ii) by a similar argument.

5, Eji}. Our proof of (i) is complete.
Assertion 5 Suppose m < n. Then condition (ii) in Assertion 4 cannot hold, and
there is an invertible monomial matrix ¢Q € M, such that f(£;;) = E;;Q for any
1<i:<mand1<j<n.

To prove the above assertion, note that if » > m then f(E,,) = E,, for some ¢ >
m because f(E;;) = Eyfor1 <i,j <m. Ifp# 1, thenfor A = Ey,+E,+) ¢ Ess,
where S is a subset of {2,...,n}\ {p} with k£ — 1 elements, we see that f(A) has
k + 1 linear independent rows and thus rank (f(A)) = k + 1 and rank (A) = &,
which is a contradiction. So, there are b;; € F* for j = m + 1,...,n such that
{f(Ey):m <r<n}={b,F :m<r<n}. Wemay assume that f(E,) = Fj,
for all m < r < n. Otherwise, replace f by a map of the form A — f(A)Q, where
() € M,, is a monomial matrix of the form I, & Q with Q € M,,_,, is an invertible

monomial matrix.
To see that condition (ii) cannot hold, consider A = Ey 41 + E12 + Eog + -+ - +

Ej j+1. Then there is b € F* such that f(A) = bEy ;i1 + Eor + Eso + -+ + B
has rank k& + 1 while rank (A4) = k, which is a contradiction. So, at this point, we
have f(X) =X for X = E;; for 1 <i,j7 <mand X € {E}, :m <r <n}.

Now, for E;; with i > 1 and j > m, consider A = Ey;+Eyj+En+Eij+) g Ess,
where S is a subset of {2,...,n}\ {i} with k£ — 2 elements. Since k = rank (4) =
rank (f(A)), we conclude that f(E;;) = Ej;.
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By the above discussion, we may further replace f by a map of the form A —
Pf(A)Q for some suitable invertible monomial matrices P € M,, and @ € M,, so

that the resulting map satisfies

(1) f(E;;) = E;j for all (i, ) pairs, or (2) m = n and f(E;;) = Ej; for
all (z,7) pairs.
Assertion 6 There is a field monomorphism 7 : F — [ such that f;; = 7 for every
(1,7) pair.

First, for any a € IF, consider A = aFy; + aFy; + Ey + Eyj + 3 oo
S is a subset of {3,...,m} with k — 1 elements. Since k = rank (A) = rank (f(A)),
we have fi1(a) = fij(a). Hence f1; = fi; for j = 2,...,n. Similarly, we can show
that f;; = f;; for any j € {1,...,n}\ {i}.

Next, for any a € F consider A = aFyy + aEj1 + Exn + Ejs + .o
S is a subset of {3,...,m} with & — 1 elements. Since k = rank (A) = rank (f(A)),
we have fi1(a) = fj1(a). Hence fj; = fi1 for j = 2,...,m. Similarly, we can show

that f;; = fr; for any r € {1,...,m} \ {i}.
By the arguments in the above two paragraphs, we conclude that there is 7 :

FE, where

E, where

F — I such that f;; = 7 for all (7, j) pairs.

Suppose 7(a) = 7(b) for some a # b in F. Let A = Eyy + aF12 + Eo + bEay +
Zf:; E;;. Then rank (A) = k > k — 1 = rank(f(A)), which is a contradiction.
So, 7 is injective. Now, let A = Ey + aFy + bEs + abEa + Y575 Ej;. Then
k = rank (A) = rank (f(A)) implies that 7(ab) = 7(a)7(b) for all a,b € F.

Finally, let

A=FEn+aEi+ (a+b)Es+ Es + bEsys + Ess + Ess + Z Es

seS

for some subset S of {4,...,n} with k& — 2 elements. Then k = rank(A4) =
rank (f(A)). Since

f(A) = En +7(a)Ers + 7(a + ) Erg + Eoy + 7(0) Eas + Esp + Egg + Z By,

seS

this implies 7(a + b) — 7(b) = 7(a), or equivalently 7(a + b) = 7(a) + 7(b). Thus, 7

is also additive, and the result follows. [ |
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Corollary 3.3.4. Let 2 < k < min{m,n} and f : M,,, — M, ..
(1) If f is Schur multiplicative, then (b) and (c) in Theorem 3.3.3 are equiva-
lent with the additional requirement in condition (c) that P and Q are permutation

matrices.
(2) If f is Schur multiplicative and has the form (1) (or satisfies any of the

conditions (A1) — (A3) in Theorem 3.2.1), then conditions (a) — (c) in Theorem
3.3.3 are equivalent with the additional requirement in condition (c) that P and Q

are permutation matrices.

Proof. Suppose f is Schur multiplicative. Clearly, (¢) = (b) = (a).

If (b) holds, then condition (Al) in Theorem 3.2.1 holds, and hence f has the
form (f). We can then apply Theorem 3.3.3 to get condition (c) for some invertible
monomial matrices P and Q). Now, if X o X = X i.e., X has entries in {0, 1}, then
so is f(X). Thus, we see that P and @ can be chosen to be permutation matrices
in condition (c).

If f is Schur multiplicative and has the form (}), we can apply Theorem 3.3.3

and the argument in the last paragraph to get the conclusion. |

The conclusion in Corollary 3.3.4 (2) is not valid if we just assume that f is Schur
multiplicative and f(0,,,) = Oy,n. For instance, one can define f by f(0,,) = Opp,
and f(A) = B for all other A, where B € M,,,,, is any rank k satisfying Bo B = B.
Then f maps all rank k£ matrices to a rank k£ matrix, but f does not have the

structure described in Theorem 3.3.3 (c).

One can examine the proof and see that condition (b) in Theorem 3.3.3 (and

also Corollary 3.3.4 can be replaced by any one of the following conditions.
(b.1) f(A) has rank at most k whenever A € M,, , has rank k.
(b.2) f(A) has rank at most k whenever A € M, , has rank at most k.

In particular, the conclusion holds for those functions which map singular matrices
to singular matrices when m = n. This can be viewed as an analog of the linear

preserver result of Dieudonné [14].

Next, we consider preservers of full rank matrices.
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Theorem 3.3.5. Suppose 2 < m <n and f : M,,,, — M,,,, has the form (t). If
f maps rank m matrices to rank m matrices, then there exist invertible monomial
matrices P € M, and Q € M,,, and maps fi; : F — F such that f;;(F*) C F* for
all (i,7) pairs and one of the following holds:

(a) f has the form [a;;]| — P|fij(ai;)]Q.
(b) m =n and f has the form [a;;] — P[fij(a;;)]'Q.

If one of the f;; is surjective, then there is an injective multiplicative map 7 : F — F
such that f;; = 1 for all (i,j) pairs; furthermore, if m > 3, then 7 is a field

automorphism.

Proof. We divide the proof into several assertions.

Assertion 1 There are invertible monomial matrices P € M,,, and () € M,, such
that f(X) = PXQ for X € {E;; : 1 <j <m}.

To prove the assertion, let X = 37", Ej;. Since rank (f(X)) = rank (X) = m,
we see that f(X) has nonzero entries on m distinct rows and columns. So, there
are permutation matrices P € M,, and ) € M,, such that f(E};) = Pf;;(1)E;;Q
for j = 1,...,m. We may replace f by the map A — P~!f(A)Q" for suitable
invertible monomial matrices P € M,, and () € M, so that f(E;;) = Ej; for
7=1...,m.

Assertion 2 Assume m < n. There are invertible monomial matrices P € M,,, and
Q € M,, such that f(X) = PXQ for X e {E;; : 1 <j<m}U{E;; :m<j<n}.
Moreover, f(E;;) = fi;(1)PE;Q.

By Assertion 1, we may assume that f(£};) = Ej; for j = 1,...,m. For any
r > m, consider X = Ej, + >, Eg. Assume that f(Ey,.) = fi,(1)E,. Since
rank (f(X)) = rank (X) = m and f(E;;) = Ej;, it is impossible to have p > 1 or
q < m. It follows that f(Ei,) = fi,(1)Ey, for some ¢ > m. Thus, we may further
modify f by a map of the form A — f(A)(l,,®Q) for a suitable invertible monomial
matrix () € M,,_,, so that

fX)=X for Xe{E;:1<j<m}U{E,:m<j<n} (3.3.1)

If n =m+1, consider X = E; 41+ Z#i E;;. Since rank (f(X)) = rank (X) =

m, we see that f(E;mi1) = fim+1(1)E;my1 for all i > 1. Now, suppose n > m + 1.
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Consider f(Ey;) for j > m. Let X = Ey, + Eyj + > " 5 By with 7 > m and r # j.
Assume that f(Es;) = fo;(1)E,,. Since rank (f(X)) = rank(X) = m and and
condition (3.3.1) holds, we see that p = 2, ¢ # r, and ¢ > m. Because the argument
holds for all » > m with r # j, we conclude that f(Es;) = fo;(1)Es;. Using the
same argument, we can prove that f(E;;) = fi;(1)E;; for all i > 1 and j > m as

asserted.
Next, we turn to f(E;;) for 1 <i <m, 1 <j <m with ¢ # j. The result is clear

if m = 2. Assume m > 3 and f(EZ]> = fz](l)qu Let X = El] +Ej,m+1 —"_ZSES Essa
where S = {1,2,..m}\{4, j}. By the conclusion above f(E;+1) = fjm+1(1)Ejm+1.
Since m = rank (f(X)) = rank (X) and (3.3.1) holds, we see that (p,q) = (i,7).
Assertion 3 Assume that m = n. Then there are invertible monomial matrices
P, Q) € M, such that (i) f(E;;) = Pfi;(1)E;Q for all (i,7) pairs, or (ii) f(E;;) =
Pfi;(1)E;Q for all (i, 7) pairs.

By Assertion 1, we may assume that f(£;;) = E;; for all j. Consider X =
Eij+ Eji + 3 ggi gy Ess- Since m = rank (X) = rank (f(X)), we see that either

(1) f(Ei) = fi;(1) Eyj and f(Eji) = f5:(1)Eji, or
(ii)" f(Eij) = fi;(1)Eji and f(Eji) = f:(1) Eyj.

Assume f(FE19) = fi12(1) E12; otherwise replace f by the map A — f(A)". We will
prove that conclusion (i) holds. To this end, let X = Eyy + Ey; + Ej; + Y ¢ Eys,
where S = {3,...,m} \ {y}. Then m = rank(A) = rank(f(A)). If f(E;) =
fi1(1)Ey;, then f(A) will only have m — 1 nonzero columns so rank (f(A4)) < m,
which is a contradiction. Thus, condition (i) holds for (7,j) pairs with ¢ = 1 or
j =1. Now, for X = E;; with 1 ¢ {4, j} and ¢ # j, consider X = Ey; + E;; + Ej; +
Y oses Ess, where S = {2,...,m}\ {7, j} with m —3 elements. Since m = rank (A) =
rank (f(A)), we see that condition (i) holds.

By Assertions 2 and 3, we get the first conclusion of the theorem, namely, f has
the form [a;;] — P[fi;(ai;)]Q or m = n and f has the form [a;;] — P[fi;(ai;)]'Q,
We finish the proof by establishing the following.

Assertion 4 Suppose there is (p,q) such that f,, is surjective. Then f;; = f,, for
each (7,7) pair, and f,, is injective multiplicative. Furthermore, if m > 3 then f,,

is a field isomorphism.
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Assume condition (a) holds. (If (b) holds, replace f by the map A — f(A)" and
apply a similar argument.) We may further assume that P = [, and Q = [,, in
condition (a); otherwise, replace f by the map A — P~!f(A)Q~!. Moreover, we
assume that (p,q) = (1,1), i.e., fi1 is a surjective map. Otherwise, we may find
a pair of permutation matrices R € M,,, and S € M,, such that RE;1S = E,,
and replace the map f by the map A — R'f(RAS)S'. Furthermore, we may
replace f by the map A — f(A)/fs2(1) and assume that for(1) = 1. Let Dy =
diag (f12(1), 1, f32(1),. .., fm2(1)) and Dy = diag (f21(1),1, fo3(1), ..., fan(1)). We
may replace f by the map A +— D' f(A)D," and assume that

We claim that f;; = fi; for all @ > 1. To see this, let a € F and let {s3,...,8,} =
{1,....m}\{1,4}. If b # a, then Y = bE\ + aB;j + Eoy + Ein + Y oy Es, 1 has
rank m and so has f(Y) = fi1(b)En + fu(a)En + Exi + En+ Y g foo k(1) Es i It
follows that f11(b) # fi1(a) whenever b # a. Since fi; is surjective, f;;(a) is in the
range of fi1. Thus, fi11(a) = fi1(a).

Next, we show that fi; = fi; for all j > 1. To see this, let a € F and let
{s3,...,8m} be an m — 2 element subset of {1,...,n}\ {1,j}. If b # a, then
Y = bEy +aByj+ By + By + 14 B, has rank m and so has f(Y) = f11(b) Evi +
frj(a)Erj + Eor 4+ Eoj + > 00 frs, (1) Bk, It follows that fi1(b) # fi;(a) whenever
b # a. Since f1; is surjective, fij(a) is in the range of fi;. Thus, fi1(a) = fi;(a).

Now, consider f;; with 4,7 > 1. Let a € F, {rs,...,r,} = {1,...,m}\ {1,i},
and {s3,...,Sn} be an m — 2 element subset of {1,...,n}\ {1,5}. If b # a, then
Z = bEy + bE; + bEy; + aE;j + > "4 E,, 5, has rank m and so has f(Z) =
f11(0)Err + fii(D)Ei + fii(D)Er; + fij(a)Eij + > ity frosi (1) Ery s, - It follows that

f11(b) # fi;(a) whenever b # a. (3.3.2)

Since fi; is surjective, f;;(a) is in the range of fi;. Thus, fi1(a) = fi;(a).

At this point, we may assume that f;; = fi; = 7 for all (4, j) pairs, with 7(0) =0
and 7(1) = fi1(1) = 1.

Now, we show that 7 is multiplicative. Let a,b € F. If a = 0 or b = 0, then
7(ab) = 0= 7(a)7(b). If ab # 0, then for any ¢ # ab, the matrix X = cEy; + aFy +
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bEs, —1—2;7;2 E;; hasrank m, and so is f(X) = T(C)E11+T(G)E12+T(b)E21+Z?:2 E;;.
Thus, 7(c) # 7(a)7(b). Since 7 is surjective, 7(a)7(b) is in the range of 7. Thus,
7(ab) = 7(a)7(b). Note that for b # a, we have 7(b) = fi1(b) # fi;(a) = 7(a) by
(3.3.2). Thus, T is injective.

Finally, suppose m > 3. Let a,b € F. If a = 0 or b = 0, then 7(a + b) =
7(a) + 7(b). Suppose ab # 0. Let ¢ # a+b. X = Ey + aF1s + cEi3 + Eoy +
bE93+ Eso+ Ess+> o, Egs. Then X has rank m and so is f(X) = Eyy +7(a)E1a+
7(c)Erg + Eo1 + T7(b)Egs + Esy + Es3 + > v, Egs. Thus, 7(c) — 7(b) # 7(a), or
equivalently 7(c) # 7(a) + 7(b). Since 7 is surjective, 7(a) + 7(b) is in the range of
7. Thus, 7(a 4+ b) = 7(a) + 7(b). [

Corollary 3.3.6. Suppose f is Schur multiplicative and has the form (1). Then the
conclusion of Theorem 3.3.5 holds with the additional restriction that f;; is multi-

plicative for each (i,7) pair, P and Q) are permutation matrices.

Clearly, the conclusion of Corollary 3.3.6 holds if f is Schur multiplicative and
satisfies any of the conditions (A1) — (A3) in Theorem 3.2.1. However, the conclusion
is no longer valid if we just assume that f is Schur multiplicative. For instance, one
can define f such that f(0,,,) = 0y, and f(A) = B for all other A, where B is any

rank m matrix satisfying Bo B = B.
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Chapter 4

Higher Rank Numerical Range
and Radii Preservers

The purpose of this chapter is to obtain characterizations of multiplicative maps
which also preserve the higher rank numerical ranges and radii. The content of this

chapter is based on the paper [13].

4.1 Introduction

In the context of quantum information theory, if the quantum states are represented
as matrices in M,,, then a quantum channel is a trace preserving completely positive

linear map L : M,, — M,,. We can consider the operator sum representation
L(A) =) E;AE}, (4.1.1)
j=1

where F1, ..., E,. € M, satisfy Z;Zl E;Ej = [,,. The matrices F1, ..., E, are known
as the error operators of the quantum channel L. A subspace V of C" is a quantum
error correction code for the channel L if and only if the orthogonal projection
P € M,, with range space V satisfies PESE;P = ~;P for all i,j € {1,...,r}; for
example, see [24, 25]. In this connection, for 1 < k < n researchers define the rank-k

numerical range of A € M,, by
A(A) ={A € C: PAP = AP for some rank-k orthogonal projection P},

and the joint rank-k numerical range of Ay, ..., Ay, € M, by Ap(Ay,..., A,) to be

the collection of complex vectors (ay, ..., a,) € C*™ such that PA;P = a;P for a
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rank-k orthogonal projection P € M,,. Evidently, there is a quantum error correc-
tion code V' of dimension k for the quantum channel L described in (4.1.1) if and
only if Ag(Ay,...,A,) is non-empty for (Ay,..., A,) = (EfEy, EfE,, ..., E'E,),
where m = r(r + 1)/2. Also, it is easy to see that if (aq,...,am) € Ag(A1, ..., An)
then a; € Ag(A;) for j =1,...,m.

One readily checks that p € Ag(A) if and only if there is an n X k matrix X
such that X*X = I and X*AX = ply. When k = 1, Aix(A) reduces to the classical

numerical range defined and denoted by
W(A) ={2*Ax € C: 2z € C" with 2"z = 1},

which is a useful concept in studying matrices and operators; see [21]. Recently,
interesting results have been obtained for the rank-k numerical range and the joint
rank-k numerical range; see [6, 7, 8, 9, 17, 30, 31, 35, 49]. In particular, an explicit

description of the rank-k numerical range of A € M, is given in [35], namely,

A(A) = [ {peCre ™ ut eI < M(e ™ A+ A}, (4.1.2)

£€l0,2m)

where Ay (X) is the kth largest eigenvalue of a Hermitian matrix X. For a normal

matrix A € M,, with eigenvalues ay,...,a,, we have

AR(A) = N conv {aj,,...,a;, ...}, (4.1.3)

1< < <Jp—g+15n

where “conv . S” denotes the convex hull of the set S. In [32], complete description
of Ax(A) for quadratic operators A is given.

In the study of numerical range and its generalizations, researchers are interested
in studying their preservers; see [5, 18, 26]. For example, a linear map ¢ : M,, — M,
satisfies W(p(A)) = W(A) for all A € M, if and only if there is a unitary U € M,,
such that ¢ has the form

A— U"AU or A UAU. (4.1.4)
Define the numerical radius of A € M,, by
w(A) = max{|p| : p € W(A)}
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It is known that a linear map ¢ : M,, — M, satisfies w(¢p(A)) = w(A) for all
A € M, if and only if there is £ € C with |{] = 1 and a unitary U € M,, such that
¢ has the form

A EUTAU or A EUAU. (4.1.5)
In particular, a linear preserver of the numerical radius must be a scalar multiple of
a linear preserver of the numerical range.

In [10], linear preservers of the rank-k numerical range are characterized. In

particular, it is shown that a linear map ¢ : M,, — M,, satisfies
Ap(0(A)) = Ap(A) for all A e M,

if and only if there is a unitary U € M,, such that ¢ has the form (4.1.4). Define
the rank-k numerical radius of A € M,, by

re(A) = max{|u| : p € Ap(A)}.
It is also shown in [10] that a linear map ¢ : M,, — M,, satisfies
re(p(A)) = ri(A) for all A e M,

if and only if there is £ € C with |{| = 1 and a unitary U € M,, such that ¢ has the
form (4.1.5). Once again, a linear preserver of the rank-k numerical radius must be
a scalar multiple of a linear preserver of the rank-£ numerical range.

Let S be a semigroup of matrices in M,,. A map ¢ : S — M,, is multiplicative if
?(AB) = ¢p(A)p(B) forall A,Be€S.

In this chapter, we determine the structure of multiplicative preservers of the rank-%
numerical range and the structure of multiplicative preservers of the rank-k numer-
ical radius. In the context of quantum error correction, one needs to consider the
rank-k numerical range of matrices of the form A = E}E;. Moreover, in some quan-
tum channels such as the randomized unitary channels and the Pauli channels, the
error operators Fji, ..., F, actually come from a certain (semi)group of matrices in
M,,; see [41]. Moreover, if the quantum states go through two channels with oper-
ator sum representations L(A) = > | F;AE} and L(A) = Z§:1 E’jAE;, then the

combined effect will lead to the consideration of the rank-k£ numerical range of the
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matrices EquE,’fE:. Thus, it is natural to consider multiplicative maps ¢ : S — M,

which preserve the rank-£ numerical radius or the rank-£ numerical range. In the

following, we consider functions on GL,, SL,,, U,,, SU,,, and M%m) where n > 3.
Let D={z€ C: |z] <1} and 0D = {2z € C: |z] = 1}. Here are our main

theorems.

Theorem 4.1.1. Letn >3, ke {l,...,n—1} and (§,7) = (U,,0D), (SU,,{1}),

(GL,,C), (SL,,{1}), (Mﬁ[’”,@) with m € {k,...,n}. A multiplicative map ¢ :
S — M, satisfies ri(¢(A)) = re(A) for all A € S if and only if there exists a
multiplicative map f : T — 0D such that one of the following holds.

(a) k=1,8 € {SU,, U,}, and there is a non-zero Hermitian idempotent P € M,
such that ¢ has the form
A f(det A)P.

(b) There exists U € U, such that ¢ has the form

A f(det A)U*AU or A f(det A)U*AU.

Theorem 4.1.2. Letn >3, ke {l,...,n—1} and S = U,, SU,, GL,, SL,, or
M with m € {k,...,n}. A multiplicative map ¢ : S — M, satisfies Ai(A) =
Ap(p(A)) for all A € S if and only if there exists a unitary U € M, such that ¢ has
the form A — U*AU.

Note that Ai(A) = {0} if A has rank smaller than k. Thus, we assume m €

{k,...,n}if S = M{™ to avoid trivial consideration in the above theorems.

It is easy to deduce from Theorem 4.1.2 that an anti-multiplicative map ¢ : & —
M,, satisfies Ax(A) = Ax(p(A)) if and only if there exists a unitary matrix U such
that ¢ has the form A — U*A'U.

It is clear that a linear preserver of the rank-k numerical range (radius) on M,
is either a multiplicative preserver or an anti-multiplicative preserver of the rank-%

numerical range (radius).
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4.2 Proof of the results for S = U, and SU,,

Let A, = [7(a;;)]. In [50] the authors define an almost homomorphism to be a map
7 : D — C such that it is a nonzero map, 7(a+b) = 7(a) + 7(b) for all a,b € D with
a+beD, and 7(ab) = 7(a)7(b) for all a,b € D. We make the following observation.

Lemma 4.2.1. An almost homomorphism g : D — C can be extended to a field

homomorphism on C.

Proof. Suppose g : D — C is an almost homomorphism. Notice that g(1) = 1
and it can be checked that g(r) = r for all r € Q N D.
For any z € C, there is r € Q N'ID such that rz € D. Define h : C — C by

h(z) =r"g(r2).
We claim that the map h is well defined. To see this, suppose there are r, s € QQ such
that 7z, sz € D. Without loss of generality, we assume |r| < |s|. Then r/s € QND
and g(r/s) = r/s. Thus,
(r/s)g(sz) = g(r/s)g(sz) = g(rz) = s 'g(sz) =r"g(rz).
Now for any zj, zo € C, there is r € Q N D such that 721,729, 7(21 + 22) € D. Then

h(zi422) = v tg(r(z1+2)) = rtg(rzitrz) = v tg(rz)+r tg(rz) = h(z)+h(2)

and as 1?2120 = (rz1)(rzp) € D,

h(z122) = r72g(r*mze) = 17%g((rz1) (r2)) = (" g(rz1)) (rg(r22)) = h(z1)h(z).

Thus, h is a homomorphism on C. Furthermore, we see that h(z) = g(z) for all

z € D. ]

In consideration of this lemma, we may restate [50, Theorem 3].

Theorem 4.2.2. Suppose n > 3. A multiplicative map ¢ : U, — M,, has one of

the following forms:

(a) There are S € GL, and a multiplicative homomorphism p from 0D to GL,
for some r € {0,...,n} such that ¢ has the form

A S(p(det A) &0,_,)5".
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(b) There are S € GL,, a multiplicative homomorphism f from 0D to C, and a
field monomorphism T on C such that ¢ has the form

A f(det A)SA, S

This result can be extended to show that multiplicative maps on SU are simply

the restrictions of multiplicative maps on U.

Theorem 4.2.3. Suppose n > 3. A multiplicative map ¢ : SU,, — M,, has one of

the following forms:

(a) There are S € GL,, and r € {0,...,n} such that p(A) = S(I, & 0,,_,)S™* for
all Ae SU,.

(b) There are S € GL,, and a field monomorphism T on C such that ¢ has the
form

A SASTL

Proof. Let w = ¥/, Since (¢p(wl,))"** = (¢(wl,)), the minimal polynomial
p()\) of the matrix ¢(wl,) is a factor of A»™! — X\. Thus, there exist an invertible
S € M,, and positive integers py,...,p,_1 and ny,...,n, with ny+---+n, = n such
that

pwl,) = S(W' L, @ @1, , ®0,)5™

For any A € SU,, ¢(A) and ¢(wl,) commute and therefore ¢(A) must have the
form

S(A @@ A)ST?

with A; € M,,;. We define a map ¢ : U, — M,, as follows. For any u € D, take

(pln) = S Ly @ -+ @ pP L, ©0,,)S7

Also for each non-scalar matrix A € U, there exists p € 9D such that pA € SU,,.

we define

Y(A) = ¥(u L) d(nA).

Clearly, ¥(uwl,) = $(uL,) (v 1,) for all v € OD and $(ul)(A) = (A)b(ul,)
for all u € 0D and A € SU,,. Now suppose there are u, v € 9D such that both A
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and vA are in SU,,. Then pur—I, € SU,, and

(u L)p(pA) = (' L) I,)p(r A)
= P L)Y L)p(wA) = (v L) (v A).

Thus, 1 is well-defined. In particular, we have ¥(A) = ¢(A) for all A € SU,,.
Now for any A, B € U,, there are u,v € 0D such that uA,vB € SU,. Then
uvAB € SU,, and

U(AB) = ¢(u v L)o(uwAB) = (u ) (v 1) d(nA)¢(vB)
= S )o(nA (v 1)o(vB) = p(A)(B).

Therefore, 1 is a multiplicative map form U, to M, and (A) = ¢(A) for all
A € SU,,. Then the result follows from Theorem 4.2.2. [ |

Proof of Theorem 4.1.1 when S = U,, or SU,,.

The sufficiency condition is clear. We focus on the necessity condition.

Suppose ¢ : S — M,, is a multiplicative map satisfying r(¢(A)) = r(A) for all
AeS.

Case 1 Assume that k£ > 1. Then ¢ has the form (a) or (b) in Theorem 4.2.2 or
4.2.3. First, we show that a map of the form (a) in Theorem 4.2.2 or 4.2.3 cannot
preserve the rank-£ numerical radius. Assume that it is not true and ¢ has the
form (a) and preserves the rank-k numerical radius. Consider the identity matrix
I,, and the special unitary diagonal matrix W = diag (w, ..., w"), where w is the
@th root of unity. Then A (V) belongs to the interior of D by (4.1.3), and hence
ri(Ix) > re(W). However, we have ¢(1,) = ¢(W) so that ri(o(1,)) = re(o(W)),
which is a contradiction.

Suppose ¢ has the form (b) in Theorem 4.2.2 or 4.2.3, i.e., ¢(A) = f(det A)SA,S™!
for all A€ S. when § = U, or ¢(A) = SA, S for all A € SU,, when S = SU,,.
Notice that in the former case, f(det A) = f(1) =1 for all A € SU,,.

Write S = QR with unitary ) and upper triangular R. Now for each u € 0D,
take X = [u'™"| ® ul,_, € SU,. Then

l—n) l—n)

6(X) = Qr [T } R'Q =Q [T(“O

0
0 7(wlh (1) I
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Notice that when k& > 1, Ap(X) = {u} and Ax(6(X)) = {7(1)}. Then

Therefore, |7(p)| = 1 for all p € OD. As 7 is an field homomorphism, it follows that
|7(2)| = |z| for all z € {z € D : |z| € Q}. Furthermore, for any z € D and p € D,
T(pz) = 7(u)7(2). Thus, |7(21)| = |7(22)| whenever 21, 2o € D and |21| = |22].

Now fixed z € D with |z| ¢ Q. We may assume that |z| < 1/2 as 7(z) = 27(z/2).
For any € > 0, there are r1,79 € Q such that |z| — e <7 < |z] <1y < |z| + €. First,

there exist 21, zo € D with |z1| = 2r; and |23] = |z| such that z; = z + 25. Then
2r1 = |z| = |7(21)| = |7(2) + 7(22)| < |7(2)] + [7(22)| = 2|7(2)]

and so r; < |7(2)|. On the other hand, there exist z3, z4 € D with |z3| = |24] = r2/2
such that z = 23 + 2z4. Then

[7(2)| = [7(28) + 7(2a)| < [7(25)] + [7(2)| = [25] + [24] = 72
It follows that
|z| —e<r <|7(2)| <rg < |z| + €
and hence |7(z)| = |2| for all z € D. This implies 7 is either an identity map or a
conjugate map on D. By replacing ¢ with A — ¢(A), if necessary, we may assume
that the former case holds.
Now write S = UDV for unitary U and V and diagonal D = diag(ds,...,d,)

with positive diagonal entires. We claim that D is a scalar matrix. Suppose not,

0 di/ds
dy/dy 0 |

Then A;(B) is an non-degenerate elliptical disk with foci 1 and —1, and hence
A(B)N (0D \ {1, —1}) is nonempty. Take w € A;(B) N (ID\ {1,—1}) and choose

distinet wgyg, ..., w, € D\ {1, —1,w} so that —w" w9 w, = 1. Let

without loss of generality, we assume that d; # dy. Let B = [

X=V" (E (1)] Qwly_1 @ W) V' with W = diag (wg12, . .., wy).

Then X € SU,,. It can be easily checked that Ay(X) lies in the interior of D and
hence ri(X) < 1. On the other hand,

H(X)=U(Bdwl_, W)U
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Then w € Ag(¢p(X)) and hence ri(¢(X)) > |w| = 1, which is a contradiction.
Therefore, S is a multiple of unitary matrix. Replace (S,S™1) by (7S, (vS)™!) for

a suitable v > 0, we may assume that S is unitary. Thus the necessity condition of

Theorem 4.1.1 follows for S = SU,,.
In the case when S = U,,, for any A € U,,,

1e(A) = rp(f(det A)SAS™Y) = | f(det A)|r(A).

Thus, f is a multiplicative map on 9D and the necessity condition holds for § = U,,.

Case 2 Assume that £ = 1. Recall we use the notation W (A) and w(A) for the
numerical range and the numerical radius.
Suppose S = SU,,. If Theorem 4.2.3 (a) holds, then ¢(I) is unitarily similar to

Y= [[(.)T ()Y12 } If Y15 is nonzero, we may replace Y by V*Y'V for some suitable

V=VeV,eU,®dU,_, and assume that the (1, 1) entry of Y}, equal to a positive

number . But then Y will have a principal submatrix B = [1 } so that W(B)

Y
0 0
is an elliptical disk with 1 as an interior point and hence w(Y') > w(B) > 1, which
is a contradiction. So, Y1, is zero and hence ¢(I) is a Hermitian idempotent. Thus,
Theorem 4.1.1 (a) holds.

Next, suppose Theorem 4.2.3 (b) holds. Then for any p € 0D and X = ul,,_1 +
'™ we have ¢(X) = SX,S~!. Denote by r(Y) the spectral radius of Y € M,,.
Then

w(X) = w(d(X)) > r(¢(X)) = max{|7(p)], |7(w)|""}.

Thus, |p| = |7(u)] = 1 for all u € ID. Using argument similar to those in Case 1,
we see that 7 has the form p — p or p+— . Then we can show that S is unitary.
Hence Theorem 4.1.1 (b) holds.

Suppose & = U,,. Consider the restriction of ¢ on SU,, we get the desired

conclusion.

Proof of Theorem 4.1.2 when S = U,, or SU,,.

Let S = SU,, U, and ¢ : S — M, be a multiplicative map satisfying A, (¢(A)) =
Ap(A) for all A € S. Then ri(¢(A)) = r,(A), so by Theorem 4.1.1 ¢ is of the pre-
scribed form. Suppose ¢ is of the form 4.1.1 (a). Then in particular ¢p(A) = ¢(B)
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and so Ag(A) = Agx(B) for all A, B € SU,,. However, if A =1,,B = (—1,) ® I,
then Ay(A) # Ax(B). This is a contradiction, so ¢ must be of the form in 4.1.1 (b).
Suppose there exists U € U, such that ¢(A) = f(det A)U*AU for all A € S.
If k > 3, choose A = wply @ I, € SU, where w, = €>™/*. Then AL(A) =
{(1—t) +twp: t€[0,1]} # {2 : 2 € Ap(A)} = Ap(A) = Ap(p(A)).
If £ = 1,2 then choose A = ily ® [-1] & [,_3 € SU,,. Then —i ¢ Ai(A) but

—i € Ai(A) = A(¢(A)). So in either case, we have a contradiction

Finally suppose there exists U € U, such that ¢(A) = f(det A)U*AU for all
A€ S. Then Ap(A) = Ap(p(A)) = f(det A)Ax(A). For any A € U, det A = ¥ for
some 6 € [0,27). Then consider A = €/"[,, so {e/"} = Ay(A) = {f(e"?)e?/"}.

Then f(e) =1 for all § € [0,27) and the result follows. The converse is clear. &

4.3 Proof of the results for S = GL,, SL, or M\"

The study of multiplicative maps of matrices have been studied by many authors.

We have the following result.

Theorem 4.3.1. Suppose ¢ : § — M, is a multiplicative map, where one of the
following holds.

(H)n>2and S = M with m < n. (2)n>3and S € {GL,, SL,,M,}.

Then there exist S € GL,, a multiplicative map f : C — C, and a field endomor-
phism 6 : C — C such that ¢ has one of the following forms.

(a) A f(det A)SAsS™!.
(b) A f(det A)S((adj A)")sS™!, where adj A denotes the adjoint matriz of A.

(c) A S(I, ® p(det A) ®0,,_,_s)S™", wherer € {0,...,n}, s€{0,....,n—r},
and p: C — My is a multiplicative map such that (p(0), p(1)) = (0s, I5).

Note that if condition (1) holds, then either the maps in (a) is the zero map or
F0) =1. If & = M{™ with m < n — 1, then the map in (b) reduces to the zero
map. If & = MYV, then either the map in (b) is the zero map or f(0) = 1. If
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S =M withm < n— 1, then the map p in (c) reduces to the zero map, and
hence is vacuous. If § = SL,,, then the map f in (b) and (c) reduces to a constant
map, and the map p is vacuous.

Proof. For 8 = MY" with m € {1,...,n}, the theorem follows from [51, The-
orems 1 & 2]. For § = SL,,, we can extend a multiplicative map ¢ : SL, — M,
to a multiplicative map v : GL,, — M,, as done in the last section. Furthermore,
we can always extend a multiplicative map ¢ : GL,, — M,, to a multiplicative map
¥ : M, — M, by defining ¥(A) = ¢(A) it A € GL, and let ¢(A) = 0 if A is

singular. One can then apply the results on S = M,, to deduce the conclusion. =

Proof of Theorem 4.1.1.

The sufficiency condition is clear. We focus on the necessity condition. Suppose
¢ : S — M, such that ri(¢(A)) = ri(A) for all A € S.

Case 1 Assume k > 1. By Theorem 4.3.1, ¢ has one of the form (a) — (c). Since
there is A € Sy such that 0 < 7,(A) = r.(¢(A)), we see that ¢ is not the zero map.
Thus, f(0) =1 if condition (1) holds.

First, we show that ¢ cannot have the form in (c). In case (1), let X = I, ©0,,_
and Y = diag (1,w, ..., w" ') @ 0,_; such that w = e2™/*; in case (2), let X = I,n
and Y = diag (1,w, ..., w"" ') such that w = €™/, By (4.1.3), 1 = r,(X) > ri(Y).
If ¢ has the form (c), then ¢(X) = ¢(Y) so that r,(X) = re(d(X)) = rr(p(Y))
r,(Y"), which is a constradiction.

Second, we show that ¢ cannot have the form in (b). If (1) holds with m <n—1

and ¢ has the form in (b), then ¢ is the zero map, which is impossible. Suppose
So = M{™ with m > n — 1, then for A = I,_; & 0, we have r,(¢(A)) = 0 and
rr(A) = 1, which is a contradiction. Suppose Sy € {GL,,SL,}, and ¢ has the form
(b). Since f(1)? = f(1) for all positive integer p, we have f(1) € {0,1}. Since ¢ is
not the zero map, we have f(1) = 1. Let A = (1/2)1,,_; ® [2""']. Then r(A) =1/2
and r(¢(A)) = 2, which is a contradiction.

Now, suppose ¢ has the form (a). If (1) holds, then f(0) = 1. For A, = pul;®0,_y
with ¢ € C such that |u| = 1, we have

Ti(Au) = re(d(AL)) = re(6(n)d(Ar)) = (A1) = 1.

Thus, |d(x)] = 1. Hence, ¢ is the identity map or the conjugation map. Next,

48



we show that all the singular values of S are the same. If it is not true, assume
that S = UDV such that U,V are unitary, and D = diag (dy,ds, ... ,d,) such that

. 1
A=V ({’f J @Jk_maon_k)V

Then r4(A) = p—1 > 0 and rx(¢(A)) = 0, which is a contradiction. If (2) holds,
we can consider the restriction of ¢ on SU,, and conclude that S is unitary using

the arguments in the last section.

Case 2 Suppose k = 1. If (1) holds, the result is proved in [5]. If If (2) holds,
one can consider the restriction of ¢ on SU,, and conclude that it is of the form (a)
or (b) in Theorem 4.1.1. Consider ¢(A) for A = diag(1/2,2,1,...,1), we see that

condition (a) cannot hold. |

Proof of Theorem 4.1.2.

Suppose ¢ : § — M,, preserves the rank-£ numerical range. Then it also pre-
serves the rank-k numerical radius, and has the form described in Theorem 4.1.1.
By considering the restriction to SU,,, it is clear that ¢(A) = f(det A)U*AU. For

S = SL,, the result follows. Otherwise, suppose z = re with r» > 0,6 € [0,27).
Then let A = r'/7e®/" [, with r'/™ the positive real nth root of r. Then

{rt/me?"y = Au(A) = Ak(6(4)) = Au(f(2)A) = {F(2)r/"e?}.

hence f(z) = 1 and the result follows. The converse is clear ]

4.4 Further Study

We believe that Theorems 4.1.1 and 4.1.2 can be expanded to cover some additional

cases. The n = 2,k = 1 case is nontrivial and is interesting to study. The theo-

rem still holds for the case Mz(l) and the range preserving condition has yielded a
result for SU,, but the radius preserving condition only weakly restricts the map.

One extension would be to characterize these maps on arbitrary subsemigroups,

or subsemigroups S containing S, = SU,,,U,,, SL,,, GL,,, or M™. Indeed, since
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So € § € M, and the class of preservers ¢ has a standard form on Sy and on
M,,, it would seem likely that the map must also be of the standard form. It is

simple to generate examples of such subsemigroups where this question is trivial:

S =5U M is a subsemigroup of M,,, and restricting the map to both sets yields
the standard form for each which clearly must be the same form for multiplicativity
to hold.
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